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and p(X3 =0)=1/2, so it is true that p(X; =0A X3 =
0) = p(X; = 0)p(X3 = 0). Essentially the same calculation
shows that p(X;=0AX3=1)=pX; =0)pX; =1),
pX1=1AX3=0)=p(X; =1)p(X3=0), and p(X; =
IAX3=1)=p(X, =1)p(X3 =1). Therefore by defini-
tion, X; and X; are independent. The same reasoning
shows that X, and X3 are independent. To see that X;
and X 4+ X, are not independent, we observe that p(X; =
IAX +X,=2)=0. But p(X3=DpX;+X,=2) =
(1/2)(1/4) =1/8. b) We see from the calculation in part
(a) that X, X, and X3 are all Bernoulli random variables,
so the variance of each is (1/2)(1/2) = 1/4. Therefore,
V(X1)+V(X2)+ V(X3)=3/4 We use the calculations
in part (a) to see that E(X;| + X, + X3) = 3/2, and then
V(X1 + X2+ X3) =3/4.  ¢) Inorder to use the first part of
Theorem 7 to show that V(X1 + Xy + -+ - + Xi) + Xp41) =
V(X1 + X2+ -+ Xi) + V(Xk41) in the inductive step of
a proof by mathematical induction, we would have to know
that X; + X5 + - -- 4+ Xy and X4, are independent, but we
see from part (a) that this is not necessarily true. ~ 29. 1/100
MEX)a=Y,(/a) pX=r)>Y,.,1-p(X=r) =
p(X>a) 33.2)10/11 b)0.9984  35.a) Each of the
n! permutations occurs with probability 1/n!, so E(X) is
the number of comparisons, averaged over all these permu-
tations.  b) Even if the algorithm continues n — 1 rounds,
X will be at most n(n — 1)/2. It follows from the formula
for expectation that E(X) < n(n — 1)/2. ¢) The algorithm
proceeds by comparing adjacent elements and then swap-
ping them if necessary. Thus, the only way that inverted el-
ements can become uninverted is for them to be compared
and swapped. d) Because X(P) > I(P) for all P, it fol-
lows from the definition of expectation that E(X) > E(I).
e) This summation counts 1 for every instance of an in-
version.  f) This follows from Theorem 3. g) By Theo-
rem 2 with n = 1, the expectation of /; is the probabil-
ity that a; precedes a; in the permutation. This is clearly
1/2 by symmetry. h) The summation in part (f) consists
of C(n,2) =n(n—1)/2 terms, each equal to 1/2, so the
sum is n(n — 1)/4. i) From part (a) and part (b) we know
that E(X), the object of interest, is at most n(n — 1)/2, and
from part (d) and part (h) we know that E(X) is at least
n(n — 1)/4, both of which are ®(n?). 37.1 39.V(X +
Y)=E(X +Y)?)- E(X +Y)? = E(X* +2XY +Y?) -
[EX)+ EY)P? = E(X?) 4+ 2E(XY) + E(Y?) — E(X)* —
2E(X)E(Y) — E(Y)} = E(X? — E(X)* + 2[E(XY) —
E(X)E(Y)] + E(Y?) — EXY)*=V(X) + 2Cov(X,Y) +
V() 41.[(n—1)/n]" 43.(n —1)"/n""!
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1.1/109,668 3.2)1/C(52,13)  b)4/C(52,13)
¢) 2,944,656/ C(52, 13) d) 35,335,872/C(52, 13)
5.2)9/2 b)21/4 7T.2)9 b)21/2 9.a)8 b)49/6
11.a) n/2""! b) p(1 — p)*~!, where p = n/2""!
Q2" l/n 13, ol Diednn g5 8)2/3  b)2/3
17. 1/32  19.a) The probablhty that one wins 2" dollars is
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1/2", because that happens precisely when the player gets n —
1 tails followed by a head. The expected value of the winnings
is therefore the sum of 2" times 1/2" as n goes from 1 to infin-
ity. Because each of these terms is 1, the sum is infinite. In other
words, one should be willing to wager any amount of money
and expect to come out ahead in the long run. b) $9, $9
21.a)1/3 when S = {1,2,3,4,5,6,7,8,9,10,11, 12},

={1,2,3,4,5,6,7,8,9},and B = {1, 2, 3, 4}; 1/12 when
§=1{1,2,3,4,5,6,7,8,9,10,11,12},A = {4,5,6,7, 8,9,
10, 11,12}, and B = {1, ,3,4} b) I when § = {1,2,3,4,
5,6,7,8,9,10,11,12}, A=1{4,5,6,7,8,9,10,11,12},
and B ={1,2,3,4}; 3/4 when S ={1,2,3,4,5,6,7,8,9,
10,11,12},A =(1,2,3,4,5,6,7,8,9},and B = {1, 2, 3, 4}
23.a) p(Ey N E3) = p(E\)p(E2), p(E1 N E3) = p(E))
P(E3), p(E2 N E3)= p(E2)p(E3), p(E1 N EyN E3)= p(E))
P(E2)p(E3) b) Yes ¢) Yes; yes d) Yes; no
2" —n—1 25.V(aX +b)=E((aX +b)*) — E(aX +
b)* = E(a*X?+2abX +b?) — [aE(X)+b]* = E(@®XY)+
E(2abX) + E(?) — [a*E(X)* + 2abE(X) + b*] =
a®E(X?) + 2abE(X) + b* — a®E(X)* — 2abE(X) —
b* = A’ [E(X?) - E(X)’] = a*V(X) 27.To count every
element in the sample space exactly once, we must include
every element in each of the sets and then take away the
double counting of the elements in the intersections. Thus

P(E\UE,U---UEy) = p(E))+ p(E)) + -+ + p(Ep) —
P(ExNEy) = p(Ey N E3)—---—p(E1 N Ep)—p(E; N
E3)=p(Ey NEg)—---=p(Ey N Ep) == p(Ep_1 N

E,) =gqm — (m(m — 1)/2)r, because C(m, 2) terms are be-
ing subtracted. But p(E; UE,U---UE,) =1, so we have

— [m(m — 1)/2]r = 1. Because r > 0, this equation tells
us that gm > 1, so ¢ > 1/m. Because g < 1, this equation
also implies that [m(m — 1)/2r =qm — 1 <m — 1, from
which it follows that » <2/m. 29.a) We purchase the
cards until we have gotten one of each type. That means
we have purchased X cards in all. On the other hand, that
also means that we purchased X, cards until we got the
first type we got, and then purchased X; more cards un-
til we got the second type we got, and so on. Thus, X is
the sum of the X;’s. b) Once j distinct types have been
obtained, there are n — j new types available out of a to-
tal of n types available. Because it is equally likely that we
get each type, the probability of success on the next pur-
chase (getting a new type) is (n — j)/n. ¢) This follows
immediately from the definition of geometric distribution, the
definition of X ;, and part (b). ~ d) From part (c) it follows that
E(X;)=n/(n — j). Thus by the linearity of expectation and
part (a), we have E(X) = E(Xo) + E(X))+ -+ E(X,-1)
=§+n"j+-~-+’l—'=n(%+ﬁ+---+%). ) About
224.46  31.24.13%/(52-51-50- 49)

CHAPTER 7

Section 7.1

1.2)2, 12, 72,432, 2592
01,2,5,11,26

b) 2,4, 16, 256, 65,536
d)1,1,6,27,204 e)1,2,0,1,3
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3.2)6,17,49,143,421 b)49=5-17-6-6,143 =5
49—-6-17,421=5-143-6-49 ¢) Sa,—; —6a,_; =
52014531 — 6272 + 5-3"72) = 2210 — 6) +
3"2(75-30) =2""%.4 4 3"2.9.5=2"43".5=gq,
S5.a) Yes b)No c¢)No d)Yes e)Yes f)Yes g)No
hNo 7.a)a,; +2a,,+2n—-9=—-(n—1) + 242
[-n—-2)+2]+2n-9=—-n+2=aq, b) a,_1 +
2a, 2 +2n—9 = 5(=1)""1 —(n— 1)+ 2+2[5(-1)""2 -
n—2)+21+2n—-9=5-1y""2(~14+2)-n+2=a,
©) a1 +2a, 2 +2n —9=3(=1y"142" - (n - 1)+ 2+
B2 4+2"2 —(n—=2) + 2] +2n—9 = 3(—1)"2
(-1 4+2)+2"2Q2+2)-n+2=a, d)ya,_ +
20, 04+21 =9 =7-2""" —(n—1) + 2 +2[7-2"2 -
n—2+21+2n -9 =2""%7-242-T)—n +2=a,
9.a)a, =2-3" b)a,=2n+3 ¢a,=1+nn+1)/2
da,=n’+dn+4 ea,=1 fa,=@3""-1)2
g) a, = 5n! h) a, = 2"n! 11. a) a, =3a,-;
b) 5,904,900 13.a)a, =n +a,—1,a0=0 b)a =78
c)a, =n(n+1)/2 15.B(k) =[14(0.07/12)]B(k — 1) —
100, with B(0) = 5000 17.Let P(n) be “H, =2" —1."
Basis step: P(1) is true because H) = 1. Inductive step:
Assume that H, = 2" — 1. Then because H,+; = 2H, + 1,
it follows that H, 1 =2(2" = 1)+ 1=2""1—1. 19.a)a,=
2a,_1 + a,_s forn >5 b)ay=1,a,=2,a; =8,
as =16 ) 1217 21. 9494 23.a)a, = a,—1 +
Ap_n+2"2forn>2 b)ap=0,a; =0 ¢) 9%
25.a)a, = ay_1 + ap—y + a3 forn >3 b)ay =1,
a=2,a,=4 ¢)81 27.a)a,=a,_|+a,_,forn>2
b) ap = lLaj=1 c) 34 29. a) a, = 2(1,,_1 + 2(1,,_2 for
n>2 b)ay=1,a1 =3 ¢)448 3l.a)a, =2a,_1+
ap_,forn>2 b)ay=1,a;=3 ¢)239 33.a)a, =
2a,-; for n>2 b)ay=3 ¢)96 35.a)a, =a,_ +
ay—p for n>2 b)agy=1, aj=1 ¢)8 37.a)R, =
n+R,_1, Ro=1 b)R,=n(n+1)/24+1 39.a)§, =
Sec1+m*—n4+2)/2,8=1 b)S,=0>+51+6)/6
41.64 43.a)a, = 2a,-1 + 2a,-, b)ay=1,a,=3
c) 1224 45. Clearly, S(m,1)=1 for m > 1. If m >n,
then a function that is not onto from the set with m el-
ements to the set with n elements can be specified by
picking the size of the range, which is an integer be-
tween 1 and n — 1 inclusive, picking the elements of the
range, which can be done in C(n, k) ways, and picking
an onto function onto the range, which can be done in
S(m, k) ways. Hence, there are ZZ;: C(n, k)S(m, k) func-
tions that are not onto. But there are n™ functions altogether,
50 S(m, n) = n™ — Y421 C(n, k)S(m, k). 47.2)Cs =
CoCs+C1C3+CrC+C3C1+C4Co=1-144+1-5+2-
245-1+14-1=42 b)C(10,5)/6 =42 49.J(1)=
LJ2)=1,J(3)=3,J4)=1,J(5=3,J(6)=5J(T)=
7,J®) =1, J09) =3, J(10)=5, JA1) =7, J(12) =9,
J(13) =11,J(14) =13, J(15) = 15, J(16) = 1  51. First,
suppose that the number of people is even, say 2n. After
going around the circle once and returning to the first person,
because the people at locations with even numbers have been
eliminated, there are exactly n people left and the person
currently at location i is the person who was originally at lo-
cation 2i — 1. Therefore, the survivor [originally in location
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J(2n)] is now in location J (n); this was the person who was
at location 2J (n) — 1. Hence, J(2n) = 2J(n) — 1. Similarly,
when there are an odd number of people, say 2n + 1, then
after going around the circle once and then eliminating person
1, there are n people left and the person currently at location
i is the person who was at location 2i + 1. Therefore, the
survivor will be the player currently occupying location J (1),
namely, the person who was originally at location 2J (n) + 1.
Hence, J(2n 4+ 1) = 2J(n) + 1. The base case is J(1) = 1.
53.73,977,3617 55. These nine moves solve the puzzle:
Move disk 1 from peg 1 to peg 2; move disk 2 from peg 1 to
peg 3; move disk 1 from peg 2 to peg 3; move disk 3 from
peg 1 to peg 2; move disk 4 from peg 1 to peg 4; move disk
3 from peg 2 to peg 4; move disk 1 from peg 3 to peg 2;
move disk 2 from peg 3 to peg 4; move disk 1 from peg 2
to peg 4. To see that at least nine moves are required, first
note that at least seven moves are required no matter how
many pegs are present: three to unstack the disks, one to
move the largest disk 4, and three more moves to restack
them. At least two other moves are needed, because to move
disk 4 from peg | to peg 4 the other three disks must be
on pegs 2 and 3, so at least one move is needed to restack
them and one move to unstack them.  57. The base cases are
obvious. If n > 1, the algorithm consists of three stages. In
the first stage, by the inductive hypothesis, R(n — k) moves
are used to transfer the smallest n — k disks to peg 2. Then
using the usual three-peg Tower of Hanoi algorithm, it takes
2F — 1 moves to transfer the rest of the disks (the largest k
disks) to peg 4, avoiding peg 2. Then again by the inductive
hypothesis, it takes R(n — k) moves to transfer the small-
est n — k disks to peg 4; all the pegs are available for this,
because the largest disks, now on peg 4, do not interfere.
This establishes the recurrence relation.  59. First note that
R(n) = ;=1[R(j) — R(j — 1)] [which follows because the
sum is telescoping and R(0) = 0]. By Exercise 58, this is the
sum of 2¢ ! for this range of values of Jj. Therefore, the sum
is Z,’;l i2/~1, except that if n is not a triangular number, then
the last few values when i = k are missing, and that is what
the final term in the given expression accounts for.  61. By
Exercise 59, R(n) is no larger than Y¥ i2i=!. It can be
shown that this sum equals (k + 1)2¢ — 251 4+ 1, so it is no
greater than (k + 1)2¥. Because n > k(k — 1)/2, the quadratic
formula can be used to show that k < 1 + +/2 foralln > 1.
Therefore, R(n)is bounded above by (1 + v/27 + 1214V <
8/m2Y™ for all n>2. Hence, R(n) is O(J/m2Y™).
63.2)0 b)0 ¢)2 d)2"!'-2"? 65.a,—2Va,+
Via, = a, —2a, — ay,-1) + (Va, — Va,_1) = —a,+
2ay-1 + [(an — an-1) = @n-1 — @n-2)] = —an + 22,1 +
(an =2ap-1 +ap-2) = Gp2 67.a, = a1 + a,; =
(an — Van) + (ay — 2Va, + V?a,) = 2a, — 3Va, + V?a,,
ora, = 3Va, — VZa,

Section 7.2

l.a)Degree3 b)No c)Degree4 d)No e)No
f)Degree2 g)No 3.a)a,=3-2" b)a,=2 c¢)a,=
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3.2"=2.3" d)a,=6-2"-2-n2" e)a,=n(-2)"

f) a, = o _ (_2)n g) a, = (1/2)n+] _ (_1/2)n+1
n+1 n+l

S.a=J(58) - L(58) R+

9.a) P, =1. 2P,, 1 +0.45P,_5, Po= 100,000, P = 120,000

b)P, = (250,000/3)3/2)" + (50,000/3)(—3/10)"

11. a) Basis step: Forn = 1 wehave ] = 0+ 1,and forn =2
we have 3 = 1 + 2. Inductive step: Assume true for k < n.
Then Ln+1 = Ln +Lp = fn-l +fn+1 + fn—Z + fn =
(fo-t + fo2) + (1 + )= fat o2 D)Ly =

#) +(5E8 13.q, = 8(—1)" — 3(=2)" +4.3"
15. a, =5+3(-2)"=3" 17.Leta, =C(n,0)+C(n —
I,1)+---4+C(n—k, k) where k= [n/2]. First, assume
that n is even, so that k =n/2, and the last term is
C(k, k). By Pascal’s Identity we have a, =1+ C(n—
2,0+Cn-2,)+Cn—-3,)+Cn—-3,2) + --- +
Cn—kk-2)+Cn—kk—-1)+1=1+C(n—-2,1)+
Cn-3,2)+ - +Cn—k,k—1)+C(n—-2,00+C(n—
3, D+ - +Cn—k,k—2)+1=a,_| + a,_, because
l[(n—=1)/2] =k—1=[(n—2)/2]. A similar calculation
works when 7 is odd. Hence, {a,} satisfies the recurrence re-
lation a, = a,_; + a,—, for all positive integers n,n > 2.
Also, a; =C(1,0)=1 and a, =C(2,0)+C(1,1)=2,
which are f; and f3. It follows that a, = f,1 for all posi-
tiveintegersn.  19.a, = (n® +3n +5)(—=1)"  2l.(a1o +
aian + aon? + a3n®) + (@20 + a1n + axn®)(=2)" +
(a30+a31n)3" +aso(—4)"  23.2)3a,-1+2"=3(-2)"+
" =2M(=3 4+ 1)= 2"t =g, b) a, =a3" — 2"*!
¢a,=3"1 -2+ 259)A=—1,B=-7 b)a,=
a2 —n—17 a,=11-2"-n-7 27.a) psn® +
pan® + pin+ po b) n? po(—2)" ©) n*(pin + po)2"
d) (p2n* + pin + po)4" ) n*(pan® + pin + po)(=2)"
) n*(pan* + p3n® + pan® + pin + po)2" g Po
29.a)a, = a2" + 3" b)a, =-2-2"+3""! 3l.q, =
a2+ B3" —n 2" 4+ 3n/2421/4 33.a, =(a+ Bn+
n? +n’/6)2" 35.a, =—4-2"—n/4—5n/2+1/8+
(39/8)3" 37 a,, =nn+1)n+2)/6 39.a)l,-1,i,
—i b)a,=3-3(-1y+Hi"+ Zi(~iy  41.a) Using

the formula for f,, we see that f,,—%(”—ﬁ)n‘:
\f( ) ‘< 1/+/5 < 1/2. This means that fu is the

integer closest to 75 (%—) . b) Less when 7 is even;

greater when » is odd 43.a, = fu1+2f -1
45.a)a, = 3a,_| +4a,_2,a0=2,a, =6 b)a, =
[4"+! + (=1)"1/5 47.a) a, = 2a,.1 + (n — 1)10,000
b) a, = 70,000 - 2"~! — 10,000n — 10,000 49.q, =
5n2/12 4+ 13n/12 + 1 51. See Chapter 11, Section 5 in
[Ma93]. 53.6"-4""!/n

Section 7.3

1.14  3.The first step is (1110),(1010), = (2* + 22)(11),
(10)2 +2*[(11)2 = (10)2][(10)2 — (10)2] + (2% + 1)(10); -
(10),. The product is (10001100),. 5.C =50, 665C +
729=133,979 7.2)2 b)4 c¢)7 9.2)79 b)48,829
¢) 30,517,579 11.0(logn)  13.0(n'®2)  15.5
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17. a) Basis step: If the sequence has just one element, then
the one person on the list is the winner. Recursive step:
Divide the list into two parts—the first half and the second
half—as equally as possible. Apply the algorithm recursively
to each half to come up with at most two names. Then run
through the entire list to count the number of occurrences of
each of those names to decide which, if either, is the winner.

b) O(nlogn) 19.a) f(n)= f(n/2)+2  b) O(logn)
21.2)7 b) O(logn)
23. a) procedure largest sum(ay, . .., a,)

best := 0 {empty subsequence has sum 0]
fori:=1ton
begin
sum :=0
for j:=i+1ton
begin
sum = sum +a;
if sum > best then best := sum
end
end
{best is the maximum possible sum of numbers
in the list}
b) O(n?) ¢) We divide the list into a first half and a second
halfand apply the algorithm recursively to find the largest sum
of consecutive terms for each half. The largest sum of consec-
utive terms in the entire sequence is either one of these two
numbers or the sum of a sequence of consecutive terms that
crosses the middle of the list. To find the largest possible sum of
a sequence of consecutive terms that crosses the middle of the
list, we start at the middle and move forward to find the largest
possible sum in the second half of the list, and move backward
to find the largest possible sum in the first half of the list; the
desired sum is the sum of these two quantities. The final answer
is then the largest of this sum and the two answers obtained
recursively. The base case is that the largest sum of a sequence
of one term is the larger of that number and 0. d) 11, 9, 14
e) S(n) =28(n/2)+n,C(n)=2C(n/2)+n+2,5(1) =0,
C(l)=1 1) O(nlogn), better than O(n?) 25. (1, 6) and
(3, 6)atdistance2  27. The algorithm is essentially the same
as the algorithm given in Example 12. The central strip still has
width 24 but we need to consider just two boxes of size d x d
rather than eight boxes of size (d/2) x (d/2). The recurrence
relation is the same as the recurrence relation in Example 12,
except that the coefficient 7 is replaced by 1. 29. With k =
log, n, it follows that f(n) = a* (1) + Y-\ Zga/c(n/b/)! =
af) + Z ocn? = ak (1) + ken? = dlmnf(1) +
c(log, n)n? =n'% (1) +cn?log, n = n? f(1)+ cn? log, n.
31.Let k =log, n where n is a power of b. Basis step: If
n=1 and k=0, then c;n?+c,n" % = ¢, + ¢, = bic/
b —a) + fQ) +b%/(a—-b%) = f(1). Inductive step:
Assume true for k, where n = b¥. Then for n = b**!, f(n) =
af(n/b) + en’ = a{[b’c/(* —a)](n/b)” + [f(1) + be/
(a—bY]- (/b)) + cn? = bdc/(bd ayna/b? +
[f()+bic/@ — bDn'%¢ + cn? = nilac/(? - a) +
c? - )/ — )] + [f() + bdc/(a — bo)lnlome =
[bhe/(b? — a)n? + [f(1) + bic/(a — b)n'oee, 33.10f
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a > b%,thenlog, a > d, so the second term dominates, giving
o). 35 0(n'3) 37.0(n%)

Section 7.4

L f(x)=2(°-1)/(x=1) 3.a) f(x)=2x(1-x%/(1 —
x) b)x3/(1-x) ¢x/(1-x%) d)2/(1-2x) e)(l+
0 D2(0+x) 9/(1-x]-x* h)xP/(1-x)
5.a)5/(1—x) b)1/(1-3x) ¢)2x*/(1=x) d)(3—x)/
(1-xP? eU+x® Hl/(1-x) 7T.a)a=—64,
ay =144, a = —108, a3 =27, and a, =0 for all n > 4
b) The only nonzero coefficients are ag = 1, a3 = 3, ag = 3,
a=1 ¢a =5 d)ya,=(-3)"3forn>3,anday =
ag=a=0 eay =8, a =3, a=2, a, =0 for odd
n greater than 2 and a, =1 for even n greater than 2
f)a, =1 if n is a positive multiple 4, a, = —1 if n <
4, and a, =0 otherwise g)a,=n—1 for n >2 and
ay=a;=0 h)a,=2"""/n! 9.2)6 b)3 ¢)9 d)0
e)5 11.a)1024 b)1l ¢)66 d)292,864 e)20412
13.10  15.50 17.20 19. f(x) = 1/[(1 — x)(1 — x?)
(I=x)1=x9] 21.15 23.a)x*(1+x +x2+x%)?Y/
(I=x) b) 6 25.a) The coefficient of x” in the power se-
ries expansion of 1/[(1 — x3)(1 —x*)(1 —x%)] b) 1/(1 -
¥ —x*—x) ¢7 d)3224 27.a)3 b)29 ¢)29

d)242  29.2)10 b)49 ¢)2 d)4 31.a)G(x)-—
ay — a1x — apx? b) G(x?) ¢) x*G(x) d) G(2x)
e) [, G(t)dt f) G(x)/(1 —x) Bogp=2-3—1

35,4, =18-3*="12.2F 37.a4p = k* + 8k +20 + (6k—
18)2F  39.Let G(x) = Y o, fix*. After shifting indices of
summation and adding series, we see that G(x) — xG(x) —
$G@)=fo + (fi = ol + Lieo(f = fiot = fialx* =
0+ x + Y g0, 0x*. Hence, G(x) — xG(x) — x*G(x) = x.
Solving for G(x) gives G(x) =x/(1 —x —x?). By the
method of partial fractions, it can be shown that x /(1 — x —
x2) = (1/V/3)[1/(1 — ax) — 1/(1 — Bx)], where o = (1 +
V5)/2andf = (1 - \/g)/Z. Using the factthat 1/(1 — ax) =
Srogakxk, it follows that G(x) = (1/4/5) Y50 (@ —
B5)x*. Hence, f; = (1/+/5) - (@F — B¥). 4l1.a) LetG(x) =
Yo o Cnx" be the generating function for {C,}. Then G(x)* =
Yomeo(Xhmo ChCr)x" =302, (Z:;(l) Ck Cpoyp)x™™! =
Y mey Cax"~!. Hence, xG(x)? = Y oo | C,x", which implies
that xG(x)* — G(x) + 1 = 0. Applying the quadratic for-
mula shows that G(x) = @. We choose the minus sign
in this formula because the choice of the plus sign leads
to a division by zero. b) By Exercise 40, (1 —4x)™1/2 =
Z;’,‘;O (Z:)x". Integrating term by term (which is valid by
a theorem from calculus) shows that ;' (1 — 4¢)~'/2dt =
e ﬁ(z:)x"“ =xy, #(Zn")x" Because [, (1 —
407124t = @ = xG(x), equating coefficients shows
that C, = .15 (). 43. Applying the Binomial Theorem to
the equality (1 +x)"™ = (1+x)"(1+x)", shows that

T C(m 4, r)x =3 Cm, )X Yo Cln,r)x" =
Y [ Xheo € (m,r — k)C (n, k)] x”. Comparing coeffi-
cients gives the desired identity. 45.a) 2¢* b)e™ c¢) ™
d)yxe*+e* e)(ef—1)/x 47.a)a,=(-1)" b)a, =

S-46

3-2" ¢a,=3"-3-2" d)a,=(-2)'forn>2,a =
=3, a=2 ea=(-2"+n" fa,=(-3)"+n!-2"
forn>2,a0=1,a=-2 g)a,=0ifnisoddanda, =
n!/(n/2)!ifniseven 49.a)a, = 6a,_; + 8" forn > 1,
ap =1 b) The general solution of the associated linear ho-
mogeneous recurrence relation is a'” = a6”". A particular
solution is af,p ) = % - 8”. Hence, the general solution is a, =
ab” + % - 8". Using the initial condition, it follows that «
3. Hence, a, = (6" +8")/2. ¢)Let G(x) = Y5, ayx.
Using the recurrence relation for {a;}, it can be shown that
G(x) — 6xG(x) = (1 — 7x)/(1 — 8x). Hence, G(x) = (1 —
7x)/[(1 — 6x)(1 — 8x)]. Using partial fractions, it follows
that G(x) = (1/2)/(1 — 6x) + (1/2)/(1 — 8x). With the help
of Table 1, it follows thata,, = (6" +8")/2. 51. & - L.
o 53.(1+x)(1+x)%(1+x)*--- 55 The gener-
ating functions obtained in Exercises 52 and 53 are equal be-
cause (1 +x)(1 +x2)(1 +x%). = =2 = 1
=T e SEaGx() = p(X = k)
F=30PX=h=1 b)Gx()= £ Y2, p(X =
k) xFlemr =Ygt PX = h) - k- xFemy = Y20 p(X =
K-k=EQX) ¢ Gy(l)= 45 Y0 p(X =k) - x¥|ees
Yo P(X = k) k(k=1) - x*20y = 302 p(X = k)
(¥ = k)=V(X) + E(X)* — E(X). Combining this with part
(b) gives the desired results.  59.a) G(x) = p" /(1 — gx)™
b) V(x) = mq/p?

I

1l

Section 7.5

1.a)30 b)29 ¢)24 d)18 3.1% 5.a)300 b)150
c) 175 d) 100 7.492 9.974 11.55 13.248 15.50,138
17.234 19.[A; UA U A3 U Ay U As| = |Ay| + Ay +
[As] + [A4] + |As| — |A1 N Ag| — |A; N As| — |A N Ag| —
[A1 N As| — [A2 N As| — |A2N Ayg] — [A2 N As| — |A3N
Ayl = [A3NAs| — [Ag N As| + [ATN AN As] + |A N
Ay N A4l +[AINANAs|+ A1 NA3N Agl + AN A3N
A5|+|A1ﬂA4ﬂA5|+|A2ﬂA3ﬁA4|+|AzﬂA3ﬂA5|+
[A2NAsN As| + A3 N A4 N As| — AT N A2 N A3 N Ag| —
|41 N Ay N A3 N As| — |A1 N Ay 0 Ag 0 As| — |A; N A3N
AyNAs| = [A2NA3NAsN As| 4+ AT NA; N A3 N Ay N As|
21.|A U A UAs UAgUAsUAg| = A1l +|Aal + 43| +
[Aal + 1As| + [Ag| — [A1 N Ax| = |A1 N A3| — |[A1 N Ag| —
|[A1 N As| — |A1 N Agl — [A2 N As| — |[A; N A4 — |A2N
As| — [A2 N Agl — |A3 N Agl — |A3 N As| — |A3 N Ag| -
[As N As| —]Ag N Ag| — |As N Ag| 23.p(E; U E; U
E3) = p(E1) + p(E2) + p(E3) — p(E\ N Ey) — p(E; N
Es)— p(Ex N Es3)+ p(E\NEsNEy)  25.4972/71,295
27. p(E\UE; U E3 U E4 U Es)= p(E1) + p(E2) + p(E3) +
P(Es) + p(Es) — p(E1 N Ez) — p(Ey NE3) — p(E N
Es) — p(Ey 0 Es)— p(Ey N Es) — p(Ey N Ea) — p(E2N
Es)— p(E3 N Eq) — p(E3 N Es) — p(E4N Es) 4+ p(E1N
E;NE3)+ p(E1 N EaNEy) + p(E1 N E; N Es)+ p(Ey N
EsNEs)+ p(ExNE3NEs) + p(EyNE4NEs)+ p(ExN
E; N Es) + P(E; N E; N Es) + p(E; N Es N Es) +
P(E3 N E4NEs) 29.p(U,’-’=1 Ei) = Z]siSnp(Ei) -



PicicjenPEi VE)) + Yoo jopen PE: N E; N Ey) =
e (=1 p (M) Ed)

Section 7.6
1.75 3.6 5.46 7.9875 9.540 11.2100 13.1854

15. a) Dyg0/100! b) 100D4y/100! ¢) C(100,2)/100!
d)0 e)1/100! 17. 2,170,680 19.By Exercise 18 we

have D, —nD,_; = —[D,_ — (n — 1)D,_,]. Iterating, we
have D, —nD,_y=~[Dy_1—(n—1)Dy_3] = —[~(Dp—2 —
(n—=2)Dy3)] = Dpy—(n=2)Dy3=+--=(=1)"(D, -

2D;) = (—1)" because D, =1 and D; =0. 21.When n
isodd 23.¢(n)=n-Y ., >+ Yicicj<m IJ‘_p] — et

n _ m _ 1 m
e =1 [, (a p,> 25.4 27. There are n

functions from a set with m elements to a set with n el-
ements, C(n, 1)(n — 1)" functions from a set with m ele-
ments to a set with n elements that miss exactly one element,
C(n,2)(n —2)" functions from a set with m elements to
a set with n elements that miss exactly two elements, and
so on, with C(n,n —1)- 1" functions from a set with m
elements to a set with n elements that miss exactly n — 1
elements. Hence, by the principle of inclusion—exclusion,
there are n” —C(n, 1)(n — )" +C(n,2)(n = 2)" —--- +
(=1)""'C(n,n — 1) - 1" onto functions.

Supplementary Exercises

l.a) A, = 44, b) A} = 40 c)A, = 10-4
3.a) M, = M,_; + 160,000 b) M; =186,000 ¢) M, =
160,000n + 26,000  d) T, = T,—1 + 160,000n + 26,000
e)T, = 80,000n% + 106,000n 5.a)a, = a,_y + a,_3
b)a1=0,az=l,a3=1 c)a12=12 7.8)2 b)5
8 d)16 9.4,=2" 1l.a,=2+4n/3+n*/2+
w6 13.a,=a,2 +a,.3 15.0(m*)  17.0(n)
19.2) 187+ 18 b)18 «¢)0 21.A(ayb,) = ant1bnyi—
apby = anp1(bnyt — bn) + bu(@ns1 — an) = ant18by +
b,Aa, 23.a)Let G(x)=Y ooyax". Then G'(x)=
Y2 nax"t = Y% (n + 1)ay4ix". Therefore, G'(x) —
G'(x) = Y20l + Dagpr —a " = Y, _ox"/n! =€,
as desired. That G(0)=ag =1 is given. b)We have
[e*Gx)] =e™G'(x) —e*G(x) = e *[G'(x) - G(x)] =
e ¢ =1. Hence, e *G(x) =x + ¢, where ¢ is a con-
stant. Consequently, G(x) = xe* + ce*. Because G(0) = 1,
it follows that c = 1. ¢) We have G(x) = Y e x"+ /n!+
Yo x"/nt = Y x"(n — 1)t 4+ Yoo x"/n!. There-
fore, a, =1/(n —1)! +1/n! for all n>1, and ay = 1.
25.7  27.110  29.0 31.a)19 b)65 ¢)122
d) 167 e)168 33.D,_i/(n—1)! 35.11/32

CHAPTER 8

Section 8.1

L 2){(0,0),(1,1),(2,2),(3,3)}  b){(1,3),(2,2),(3, 1),
4.0} 9{1,0,(20),.@2,1),3,0),6,1),3,2),40),

Answers to Odd-Numbered Exercises S-47

4.1,42).43)  d{1,0).1,1),(1,2),(1,3),(2,0),
(2.2),(3.0),(3.3), 4.0} {0, 1),(1,0),(1, 1), (1,2),
(1,3), 2, 1,(2,3),3, 1), 3,2),(4, 1), (4,3)} N {(1,2),
(2,1),(2,2)}  3.a) Transitive  b) Reflexive, symmetric,
transitive  ¢) Symmetric  d) Antisymmetric  e) Reflex-
ive, symmetric, antisymmetric, transitive  f) None of these
properties 5. a) Reflexive, transitive b) Symmetric
c¢) Symmetric d) Symmetric 7. a) Symmetric b) Symme-
tric, transitive  ¢) Symmetric  d) Reflexive, symmetric,
transitive e) Reflexive, transitive  f) Reflexive, symmetric,
transitive  g) Antisymmetric h) Antisymmetric, transitive
9. (¢), (d), () 11. a) Not irreflexive  b) Not irreflexive
¢) Not irreflexive  d) Not irreflexive  13. Yes, for instance
{(1,1)} on {1,2} 15.(a,b)€ R if and only if a is
taller than b 17. (a) 19. None 21.VaVb((a,b) €
R— (ba)¢ R]  23.2"  25.a){(a,b) | b divides a}
b) {(a,b) |a does not divide b} 27.The graph of
f~' 29.a){(a,b)|a is required to read or has read
b} b){(a,b)|a is required to read and has read b}
¢) {(a, b) | either a is required to read b but has not read
it or a has read b but is not required to} d) {(a,b) | a is
required to read b but has notread it} e) {(a, b) | a has read
b but is not required to}  31. SOR = {(a, b) | a is a parent
of b and b has a sibling}, R o S = {(a, b) | a is an aunt or un-
cleofb} 33.2)R> b)Rs ¢ Ry d)R; ¢ HR,
g) R4 h) R4 35. a) R, b) R, c) R; d) R2 e) R;3
f)R? g R*> h)R?> 37.b got his or her doctorate under
someone who got his or her doctorate under a; there is a
sequence of 7 + 1 people, starting with @ and ending with b,
such that each is the advisor of the next person in the sequence
39.a) {(a,b)|a — b = 0,3,4,6,8, or9 (mod 12)}
b){(a,b)|a=b (mod12)} c¢){(a,b)|a—-b=3,6,
or9 (mod 12)} d){(a,b)|a—b=4or8 (mod 12)}
e){(a,b)la—b=3,4,6,8 or 9 (mod12)} 41.8
43.2) 65,536 1b) 32,768 45.a) 2"1+1)/2 p) pn3nn=1)/2
C) 3n(n—l)/2 d) 2n(n—1) e) 2n(n—-l)/2 f) 2n2 —2. 2n(n—l)
47.There may be no such b. 49.If R is symmetric
and (a, b) € R, then (b,a) € R, so (a,b) € R™'. Hence,
R C R~L. Similarly, R~! € R. So R = R~". Conversely, if
R =R and (a,b) € R, then (a,b) € R™!, so (b,a) € R.
Thus R is symmetric. 51.R is reflexive if and only if
(a,a) € R forall a € A if and only if (a, a) € R™! [because
(a,a) € Rifand onlyif (a, a) € R~']ifand only if R~! is re-
flexive.  53. Use mathematical induction. The result is trivial
forn = 1. Assume R" is reflexive and transitive. By Theorem
1, R"™1 C R.Toseethat R € R"*!' = R" o R, let(a, b) € R.
By the inductive hypothesis, R” = R and hence, is reflexive.
Thus (b, b) € R". Therefore (a, b) € R"*!.  55.Use math-
ematical induction. The result is trivial for » = 1. Assume R”
is reflexive. Then (a,a) € R” for all a € A and (@, a) € R.
Thus (a,a) e R"oR = R™! for all @ € A. 57.No, for
instance, take R = {(1, 2), (2, 1)}.

Section 8.2

1.{(1,2,3),(1,2,4),(1,3,4),(2,3,4)}  3.(Nadir, 122, 34,
Detroit, 08:10), (Acme, 221, 22, Denver, 08:17), (Acme, 122,



